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W I T H  

We solve a one-d imens iona l  p rob lem involving the h igh- speed  co l l i s ion  of a p la te l ike  p ro jec t i l e  with 
a semi inf in i te  obs tac le  as t a rge t ,  the resu l t ing  m a t e r i a l  behavior  a s sumed  to be in the hydrodynamic  r e -  
g ime,  de sc r ibab l e  by means  of a t w o - p a r a m e t e r  equation of s ta te  p = p(p,  e ) .  The phys ica l  impact  p r o c e s s  
can be divided into two s t ages :  the f i r s t  solvable  ana ly t ica l ly ,  the second on an e l ec t ron ic  d ig i ta l  compute r  

g 

(the BESM-4),  where in  we employ an a r t i f i c i a l  v i s cos i ty  and a f in i t e -d i f fe rence  scheme due to R ich tmyer .  

The co l l i s ion  inves t iga ted  involves bodies  with ident ica l  phys ica l  p r o p e r t i e s  (s ingle-phase  and two-  
phase);  a desc r ip t ion  is obtained of the bas ic  p a r a m e t e r s  of the medium at the front of the shock wave and 
a lso  throughout the whole c o m p r e s s e d  region for impact  ve loc i t ies  ranging f rom 2 to 6 k m / s e c .  

1. S ta tement  of the P r o b l e m .  We cons ide r  the impact  at normal  incidence of a fiat  plate of th ickness  
l 0 and of d i a m e t e r  do, where  l o / d  o << 1, into a semi inf in i te  t a r ge t .  

We as sume  that the in i t ia l  speed of impac t  V 0 is  such that  the s t r e s s e s  in the deformed  regions  are  
i so t rop ic  and a re  equivalent  to a hydrodynamic  c o m p r e s s i o n .  

We sepa ra t e  the impact  p roce s s  into two s t ages .  The f i r s t  s tage commences  immed ia t e ly  upon i m -  
pact  and is c h a r a c t e r i z e d  by the propagat ion  into both p ro jec t i l e  and t a rge t  of p lanar  shock waves of con-  
s tant  in tens i ty .  

Assuming  that the p r e s s u r e  and m a s s  ve loc i ty  v a r y  continuously a c r o s s  the contact  sur face  (p = p ,  
u = u ) ,  we de t e rmine ,  for a given impac t  speed V0, from the conditions of dynamic compat ib i l i ty  at the 
front  of the shock wave and the equation of s ta te  of the p ro j ec t i l e  and t a rge t  m a t e r i a l ,  al l  the p a r a m e t e r s  
c h a r a c t e r i z i n g  this s tage of the impac t .  (P ro jec t i l e  p a r a m e t e r s  a re  indicated with a minus sign.) 

We assume the f i r s t  s tage of the impact  p r o c e s s  to t e r m i n a t e  at the instant  t l ,when the shock wave in 
the p ro j ec t i l e  ex i t s  at i t s  r e a r  su r face ;  at this  instant  the th ickness  of the c o m p r e s s e d  p ro j ec t i l e  is  hi,  and 
the c o m p r e s s e d  reg ion  of the t a rge t ,  extending f rom the contact  sur face  to the shock wave, is  of depth h 2. 
We then have 

lo = _ l ~  h 2 : l o  l - - h t  
a = D _ ~ - v o  ' hi p~ ' p / p o -  t 

Here  D_ i s  the speed  of the shock wave in the p r o j e c t i l e .  

Values  of the p a r a m e t e r s  obtained for  the f i r s t  s tage of the impact  p r o c e s s  s e r v e  as in i t ia l  values  
for  the second s tage .  The second s tage of the p r o c e s s  is  e s sen t i a l l y  nons ta t ionary  and commences  a f te r  r e -  
f lect ion of the shock wave from the f ree  sur face  of the p ro j ec t i l e .  This stage is  c h a r a c t e r i z e d  by the i n t e r -  
action of unloading waves,  propagat ing f rom the f ree  su r face  of the p ro jec t i l e ,  with the shock wave in the 
t a r g e t .  

As the r e su l t  of th is  in te rac t ion ,  the shock wave in the t a rge t  g radua l ly  decays  into an e l a s t i c  wave, 
and the impac t  p r o c e s s  t e r m i n a t e s .  

Tomsk .  T r a n s l a t e d  f rom Zhurnal P r ik l adno i  Mekhaniki i Tekhnicheskoi  F iz ik i ,  No. 3, pp. 94-98, 
May-June ,  1971. Original  a r t i c le  submi t ted  October  8, 1970. 

�9 1973 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West I7th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher for $15.00. 

425  



T A B L E  1. 

A b K Eo ~1 7~ 

A1 
Cu 
Pb 

ct-FB 

"f-Fe 

0.4827 
0.3737 
0.9797 
0.6765 
0.6405 

8.0755 
10.0094 
4.9428 
7.0985 
7.7845 

0.5045 
0.3837 
0.9993 
0.6863 
0.7215 

--t.3241 
--t.6458 
--2.3962 
--1.774i 
--t.9378 

0.2562 
--0.t232 

1.5188 
0.7438 
0.4162 

t.8746 
2.t631 

1.26ti  
0.9370 
1.t672 

To f ind the p a r a m e t e r s  which  apply  to the  d e f o r m e d  r e g i o n s  of the  i m p a c t i n g  b o d i e s  du r ing  the s e c o n d  
s t a g e  we apply  the f i n i t e - d i f f e r e n c e  s c h e m e  due to R i c h t m y e r  [1] wi th  an a r t i f i c i a l  v i s c o s i t y .  

2. Equa t ions  and B o u n d a r y  C o n d i t i o n s .  In s tudy ing  the s e c o n d  s t a g e  of the p r o c e s s  we s t a r t  f r o m  the 
o n e - d i m e n s i o n a l  h y d r o d y n a m i c  equa t ions  in  L a g r a n g i a n  v a r i a b l e s  

OR Ou t O (p .-~ q) Os p -4-q Op 
Ot -- u, O~ ------ p0 0 ~ '  ot p "~" 

i _ t o R ,  p = p ( ~ , , e )  (2.1) 
p po Ot 

H e r e  r and t a r e  i ndependen t  L a g r a n g i a n  c o o r d i n a t e s ,  R i s  an E u l e r i a n  c o o r d i n a t e ,  P0 i s  the  m a t e r i a l  
d e n s i t y  a t  the  i n s t an t  t = 0, and ~ is  the  s p e c i f i c  i n t e r n a l  e n e r g y  fo r  the  d e f o r m e d  m a t e r i a l .  

The  a r t i f i c i a l  v i s c o s i t y  i s  a s s u m e d  in  the  f o r m  

(~r )  ~ o~ au q=4a~p for ~r < o '  q=O for ~ >~0 (2.2) 

H e r e  a i s  the  coe f f i c i en t  of a r t i f i c i a l  v i s c o s i t y ,  which  depends  on V 0 and on the m e t a l l i c  m a t e r i a l  
(1 < a < 2). 

The v a r i a b l e s  a p p e a r i n g  in the  e x p r e s s i o n s  in Eqs .  (2.1) and (2.2), and the  d i m e n s i o n a l  c o n s t a n t s ,  can  
be put into d i m e n s i o n l e s s  f o r m  by  s e t t i ng  

R = Z o ~  r = Zo;  t = lo / Co~ p = po~, . = c o ~ ,  ~ = oJF ,  p = p o c o ~  

w h e r e  P0 and c o a r e  the  d e n s i t y  and sound s p e e d  of the u n d e f o r m e d  m a t e r i a l .  The  o v e r b a r s  on the l e t t e r s  
i n d i c a t e  n o n d i m e n s i o n a l  quan t i t i e s ;  t hey  wi l l  be o m i t t e d  f r o m  now on. 

The s e t  of equa t ions  (2.1) and the e x p r e s s i o n  (2.2) w e r e  w r i t t e n  in e x p l i c i t  f i n i t e - d i f f e r e n c e  f o r m  and 
s o l v e d  on the B~,SM-4 wi th  the  fo l lowing in i t i a l  and b o u n d a r y  c o n d i t i o n s .  

At  t = t t the  i n i t i a l  cond i t ions  have  the  f o r m  

{u  (O~<R~<R9 { t  (R=0)  
u(R, t l ) =  , p(R, t l ) =  p ( B I <  R-.<R~) 

o ( R >  R~) i (R>R~) 

P0(R=0) {i (R=0) = ~ _ (O < R ..< R~), ~ (R, t~) = (0 < R ..< R~) p (R, tl) 
t o (R > R~) (R > R~) 

(2.3) 

The  b o u n d a r y  cond i t ions  a r e  

p (0, t) = o (2.4) 

w h e r e  R = 0 is  the  c o o r d i n a t e  of the  f r e e  s u r f a c e  of the  p r o j e c t i l e .  

The  c o o r d i n a t e s  R 1 and R2 c o r r e s p o n d ,  r e s p e c t i v e l y ,  to the  c on t a c t  s u r f a c e  and to t he  b o u n d a r y  s e p a -  
r a t i n g  d i s t u r b e d  and u n d i s t u r b e d  r e g i o n s  in the  t a r g e t .  

3. S e l e c t i o n  of an Equat ion  of S ta te .  In  o u r  c a l c u l a t i o n s  we have  u s e d  a t w o - p a r a m e t e r  equa t ion  of 
s t a t e  of  the  f o r m  p = p (p ,  ~ ), g iven  in  [2] by  Z h a r k o v  and Ka l in in .  Making  u s e  of the  f ac t  tha t  the  G r i i n e i s e n  
c o e f f i c i e n t  depends  l i n e a r l y  on the  s p e c i f i c  v o l u m e ,  we can ,  a f t e r  s o m e  m a n i p u l a t i o n s ,  w r i t e  the equa t ion  of 
s t a t e  in the  f o r m  
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P (P, 0 = Qp'h _ Kp  / + (Eo + 8 - -  3Q / b + 3Kp'/') (Tx9 + ";2) 

Q = A exp [b (i - -  P-'/')I 
(3.1) 

Here E 0 is the specific internal energy of the body under normal  conditions (p = 0); ~ is the specific 
internal energy of the body in the deformed state;  A, b, K, Y1, and Y2 are constants character iz ing the 
mater ia l  through the conditions of compress ib i l i ty  (dynamic, static,  and mean compressibi l i ty) .  These con-  
stants are given in [2] for  each compress ib i l i ty  condition, the values being dependent on the choice of a 
pa rame te r  m: for m = 0, 1, 2 we have the separate  formulations for the Griineisen coefficient due, r e spec -  
tively, to Slater,  to Dugdale and MacDonald, and to Zubarev and Vashchenko. 

To make use of the equation of state (3.1) for high-speed impact problems,  we constructed the c o r r e -  
sponding shock adiabats for aluminum, lead, copper,  and iron. 

Compar isons  were made under dynamic compress ib i l i ty  conditions of the shock adiabat values 
furnished by the equation of state (3.1) with the experimental  values obtained in [3-6] by Al ' t shuler  et al.; 
at high dynamic loading it was found that the best  compar ison was obtained when m = 0. 

In Table 1 we give the values of the constants for the equation of state (3.1) for  a ser ies  of metals .  

The shock adiabat for iron, a mater ia l  which undergoes a polymorphic t ransformat ion,  was drawn 
(see Fig. 2) in accord  with the equation of state (3.1); however, the constants appearing in this equation of 
state were chosen separate ly  for the a and y phases; the constants for the a phase were obtained from 
static compress ib i l i ty  conditions with m = 1, while those for the y phase are those given in [7], the la t ter  
giving the best compar ison with experimental  values; in Fig. 2 the points 1, 2, 3, and 4 are taken f rom [9, 
8, 3, 10], respect ively .  

The construct ion of such an adiabat for iron, one having a discontinuity but yet depending on the single 
equation of state (3.1), makes it possible to calculate the pa ramete r s  of the coll ision process  for  i ron in a 
continuous manner ,  just as would be done in the case of a collision involving single phase mater ia l s .  

4 2 7  
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The asymptote of the shock adiabat for lead is P/Po = 1.92; for copper,  aluminum, and iron, P/Pc  > 3. 
This testif ies to the fact that use of the equation of state (3.1) for metall ic impacts may involve a wide range 
of impact speeds.  

To est imate the equation of state (3.1) during the unloading of a shocked mater ia l ,  we calculated the 
speed of sound back of the shock front. 

Noting that during unloading the motion of the medium has an adiabatic cha rac te r  (AS = 0), we obtain 
an express ion for the speed of sound in the form 

~ = ap  + ap  ! (3.2) Op - -  a~ p2 

Calculations made using the formula (3.2) for values of the sound speed back of the shock front for 
A1, Cu, Pb, and Fe are  displayed in Fig. 3 (c o = 5.454, 3.977, 2.256, and 4.577 k m / s e c ,  respectively).  These 
values are in good agreement  with the experimental  data obtained by Al ' t shuler  [6] (shown by dashed curves 
in Fig.  3). 

/ 
4. Discussion of the Results .  Impact  problems were solved on the BESM-4 for collisions of alum- 

inum on aluminum and iron on iron for impact speeds ranging from 2 to 6 k m / s e c .  

However, owing to limitations on the calculational mesh  used, the problem of following the decay of 
the shock wave until it becomes an elastic wave could be handled only for small  impact  speeds (V 0 = 2 k in /  
s e e ) .  

The resul ts  obtained upon solving the set of equations (2.1) with the initial and boundary conditions 
(2.3) and (2.4) are shown in Fig. 4 for the case involving the impact of an aluminum projecti le  onto an alum- 
inum target  at 2 k m / s e c ,  and in Fig. 5 for the case of iron on iron at 6 k m / s e c .  F rom these graphs we 
can ascer ta in  the nature of the decay of the mass  velocity, density, internal energy,  and p ressu re  at the 
shock front and throughout the compressed  region.  

As the mater ia l  unloads to zero  initial p ressure ,  the density of the mater ia l  decreases  to a value 
which is less than the initial normal  density of the mater ia l .  This demonstra tes  the fact that the mater ia l  
unloads isentropical ly,  the isentrope being distinct f rom the shock adiabat. 

F rom the graphs we can also ascer ta in  the residual  energy of the unloaded mater ia l ,  this being l a rge r  
the l a rge r  the impact speed V0; the value of the residual energy can be used to est imate  the tempera ture  of 
the mater ia l  upon unloading. 
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In the curves  for iron a rarefact ion shock wave is discernable over  an expanding region, a wave of 
this type aris ing in two-phase mater ia ls ;  the main compress ion  shock wave in the target ,  however, p re -  
serves  a stable configuration since the impact speed in question V 0 > 2 k m / s e c .  

F r o m  the resul ts  obtained we can visualize the behavior of the free and of the contact sur faces .  

In the f i rs t  stage of the impact  p rocess  all points, and hence those on the free and contact surfaces  
also, have a positive velocity; i.e., they move in the direction of the impact.  In the second stage the free 
surface,  in the p rocess  of unloading, begins to move in a direction opposite to that of the impact  velocity 
vector ,  encompassing as it does so an ever  l a rge r  number of points. The contact surface is also encom-  
passed by this motion and, as unloading comes to an end, it acquires a negative velocity. 

The problem descr ibed here  can also be extended to the case of a target  of finite thickness when ap- 
propriate  c r i t e r i a  for the f rac ture  of metals  in unloading waves is available. 
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